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0.1 Derived category

Derived category O 0 0 O O model category O O Homotopy category00 O Ho(Chg)
0000000000000 0OdDerived fanctor 0 model category O O O O Quillen
0000ooooo0o0ooooDooooOoooooooooOooooooOogo
dooooooood TorO ExtOO0 0000 OOODODOOOOOOOOOO

Definition 0.1.1

A O abelian category 00 0 O Ch(A) O morphism 0000000000 chain
homotopic0 OO0 O0OD0OO0OODOOODOO

Ch(A) O object 00000 0O O morphism O chain homotopy D 0 000000
00000000 category 00O ODO0OO0OO0OOD0ODO KA DOOOOOOO Ch(A)
O morphism 00O f : X* — Y*OOOOOOOf* : HY(X) — HYY)O
OO0O00O0f O quasi isomorphism D000 f ~¢gO0O000f =g¢g* 000000
[f] € Mor(K(A)) O quasi isomorphism 000 0000000000000 O0O0
K(A)O quasi isomorphism 000000000 D(A)0O0O0OTAQ derived category
0000Coe(A) 0000000000 derived category 0000000000000
000 K(A),D(A) 000000000

0 O O ODerived fanctor 0 0 0 0 O OR-module 0 O O O O O projective O injective
objectO resolusion O category OO0 DO O0O0O0OOO0OO0DOOODOO
Definition 0.1.2

C O category D0 OO P € ob(C) O projective object 0D 0000000 epi-
morphism 000 f: A — BOmorphsimOOO g : P — BOOOOOOO
h:P— A0 foh=¢gOOOOOO0DOOOOODOOOOODO

0000 I € ob(C) O injective object 00 0000000 monomorphism O O
Of:A— BOmorphismOdOO g: A— I0000000OOARA:B— 10
hof=¢gO000000000OO0ODOOOOOO

Definition 0.1.3
A O abelian category 0 000 A € ob(A) O projective resolusion 0 O O

C— n+1*>Pn*>-~-—>P0i>A—>O



000000000 chain complex O morphism 00 (P,,e) 00000 P; O pro-
jective 00 DOOODOOOOOO0OOOONO object OO O Oprojective resolusion 0 O
00000 .A0 enough projectives 1 0000 OO

0000 AO injective resolusion O O O
0 A0 ot

000000000 cochain complex 0 morphism 00 (7*,6) 00000 [/ 0 in-
jective 00O DOOODOOODODOOODODOO object OO OO injective resolusion O O
OO0000.AD enough injectives 1000000

Definition 0.1.4

A O enough projective 0 0 O abelian category OO0 F : A — B00000
O000000000A € ob(A) 000000 projective resolusion O chain homotopy
0000000000000 0D000OR-moduleD0O0O0ODOOOOODOOOOODO
0000 (P.,,e)JOOOOOF O chain homotopic 000000 F(P,) € Ch(B) O
chain homotopy 1 000000000000 00H,(F(P)00000000AD F
0doodoodoooooodooo L FADOOOODOO

L;F:A— B

O covariant fanctor OO0 OO0 OO F O 50O left derived fanctor 0O OO0 F OO0
Oo0oo0ooooooooooooon

0—A—B—C—0

0 A000D00O0O00O0O0OA,B,CO000D0O0O0O projective resolusion 000 Py, Pg, Po
oo

0— Py — Pg — Po—0

00000000000000000000000000F00000
0 — F(Py) — F(Pg) — F(Pg) — 0
00000000000
. —L;FA— L,;FB— L;FC -2 L; {FA— ...

-— 42 F(C) — FA— FB — FC —0
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00000000000 singular homology OO0 OO0OODOO

0000000000000 F: A— BOOOOAO enough injective O
0 RIF(A)=H/(F(I))0 A€eob(A)0000D000000O0OIDO AD injective

resolusion 0 0 0 0O 0O O O O contravariant fanctor
RF:A—B
00000 50O right derived fanctor 0O OO0 QOO0 OO0
0—A—B—C—0
goooooooo
0 — F(C) — F(B) — F(A) — R'F(C) — R'F(B) — - --
- — RIF(C) — R'F(B) — R'F(A) — R'T'F(C) — ---
gogogobobobodogo
Example 0.1.5
A abelian category 00 A €ob(A) 0000000
Hom(A,—): A— G , Hom(—,A): A— @

000000 covariant O contravariant fanctor 00 00000 O0OO0O0O0O0O0O0O0O
O00O00O0D0D0O000000 derived fanctor

L.(Hom(A, —)) = Ext.(4,—) , R*(Hom(—,A)) = Ext*(—, A)

goooooo

0 0O O derived fanctor 000000000 D(A) — D(B) O derived category O
0000000000000 000000D000dderived category O O fanctor O
00 0O Oderived category O object 0 Ch(A)O Co(A) 00D0O0O0DO0OO0O0OO
00000 dderived category 0 morphism OO0 000000000 OODOOOO0O
O00000000K(A) 0000 chain homotopy 00000 0000D(A) O K(A)
0 0O quasi isomorphism O O 0O isomorphism 000000000000 0OOOO0O
0O DA) D morphism 0000000000 0O0O00O0O Co(A)ODO0DOOOOOOO
oo0oooooooooooon



Definition 0.1.6

A DO abelian category 000 O000D(A)O0OOO [IHom’D(A)(A*,B*) ooooog
gooooo

(5" (g"t") € [T (Home(ay (4", C*) x Hom3) (B, C™))
C*

0ooa(fs*) e HomK(A)(A*,C*)XHom%‘Elj;(B*,C*) , (g%,t*) € Hompe( 4y (A*, D*)x

Hom® (B*, D*) 000000 (f*,s*) ~ (¢%+) 00000000000

(a7, 8%) € Hom% '3 (C*, E*) x Hom{(4 (D, E¥)
Ostda*of*=p%0g", a*os*=p%ot*

oboooboooobooboooo

a* .7 >, pB*
c* D*
s g"
A* B*

oboooboooooboobo ~O00000000000

Hom/p 4 (4%, B) = [ | (HomK(A) (A", C") x Hom§ey (B, 0*)) / ~
C’*

000D000000[f*s=f*/s*000000000

7 : K(A) — D(A)
00 f* € Homg(a)(A*, B) 000 0~(f*) = f*/13- 0000000
gooooboboo0oo0oodoooooobbbooooooooobobobooooo
ggd
Remmark 0.1.7

C O object 0000 0Home(%,%) =Z000 category 0D 000000 OCDO
Z-{0}000000 category 000 D= C[Z-{0}]7' 0000 OHomp(*,%) = Q
oood
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Lemma 0.1.8
category 0 0 00O push out 00 0 0O O O O isomorphism O cobased cahange [0 O
ooono

proof) 00 category 0 00000D0X <LV % 70 pushout 00000000
0000f:Y — X 0O isomorphism 00000000 pushout0 OO OO0

<=

00000000000 isomorphism 00000000000 Ff0 inverced f1:

X —YOOooo
g

Yy —

Z
|-
X‘fl’Z
gof
O000000Opushouwt00O000DO0f 0 inverce000 X[[,,Z— 200000
|

Lemma 0.1.9
A O abelian category 0 0 O K(A) OO OO quasi isomorphism O cobased change

gooood

proof) 00 A* «— B* — C* 0000 pushout 0000000 B* — A* 0O

quasi isomorphism 0 0 0O O

C*

P | fe
it



00000 (co)homology OO T OO

H*(B)

H*(A) — H* <AHC>

0000 Opush out O colimit O (co)homology O colimit 000000 O00O0H* (A][;C) =
H*(A)HH*(B)H*(C)DDDDDDDDDDD pushout DD O0D0OOODOODOODOO
O0O00OLemma 0.1.700000000000000C* — A"[[gz. C* O quasi

isomorphism 0 0 00O
O

Lemma 0.1.10

NDHm(&MMMUﬂCﬂme&ﬁﬂﬁxﬁnDDDDDDDDDDDD

proof) 0000000000 OOOONO quasi isomorphism O 000000000
gooooo

e e ™

1 1

o o o
A* B*

00000000000000000000000000000000000000
0O0(f*s) ~ (¢*,t*), (g% t") ~ (h*,w*)000000000000000000

F* G*
f ". B* 'y* .'4 A

"
. 9 r g
f I . Iu*
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0000000000000000 F*<& p* 25 G*0 pushowt 00000

s fike

D
F* G*
'y A
Y /
a* &
o D~ E*

OO000o0OO0oDDDoOOoODDOOO ex,¢*000000quasi isomorphism 000 g%, ~*
O cobased change 000000 Lemma 0.1.8 00000000 quasi isomorphism

00000000(f*s*) ~ (h*u)0000
O

Definition 0.1.11

o= f*/s* € Homp(a)(A*,B*) 0 x = g*/t* € Homp4)(B*,C*) 0000000
OO0xopeHom(A*,C*) 0000000 0O0OOO

D* E*
f*/' ‘x g*/‘ ‘\t
A* B* c*
OO0000000 pushowt OO OOO
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O000w* O quasi isomorphism D000 xyop =h*o f*/u*ot* 00000000
Owelldefined 0000000000 OOOOOOOODOOO

00000000000000 category 000 D(A) O K(A) O localization O
O0000D00O0 localization fanctor

~v: K(A) — D(A)

O0Omorphism 000 f*+— f*/1000000000000 f*0 quasi isomorphism
000 f*/10 ineveceD OO 1/f*000000000000 isomorphism 0000
gog

00 DA 00000000000 O0O0OO0O0UOO Drived fanctor 000000



